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bstract

he temperature dependencies of the single crystal elastic constants and the isotropic elastic moduli of zircon were reevaluated using the ultrasonic
n-phase frequencies vs. temperature data and the thermal expansion coefficients. The bulk moduli of zircon at different temperatures were also cal-
ulated using the recently derived analytical expression by Garai and Laugier (J. Appl. Phys. 101, 023514 (2007)) utilizing the Anderson–Grüneisen
arameter (δ) obtained from the pressure dependencies of the single crystal elastic constants. The temperature derivatives of the bulk modulus of

ircon evaluated from the temperature derivatives of the single crystal elastic constants agree well with the corresponding values calculated from
he analytical expressions utilizing the pressure derivative of the bulk modulus (δ). The results reveal good correlations between the ultrasonic

easurements of the pressure and temperature derivatives of the single crystal elastic constants of zircon.
2008 Elsevier Ltd. All rights reserved.
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. Introduction

Zircon (ZrSiO4) is one of the silicates that has relatively
igh density, high elastic stiffness and high melting tempera-
ure. It has the lowest compressibility and thermal expansion
oefficients among the Si–O tetrahedral coordinated compounds
xcept in its high-pressure scheelite-structure form. Zircon is
ffective to improve the mechanical properties, chemical sta-
ility and thermal shock resistance of ceramics. Zircon crystals
ccur in many rocks and bear importance for geological studies.
ircon crystals containing radioactive U and Th impurities con-
ert into the metamict state over a long period of time with drastic
eductions of the elastic moduli but without complete destruction
f the structure. Zircon has been investigated as a host material
or encapsulation and disposal of high-level nuclear fuels and
adioactive wastes.
There are increased interests in the mechanical properties of
he ceramic materials for advanced technological applications.
he single crystal elastic constants are the fundamental param-
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ters for the mechanical properties. They describe the response
f crystals to the stress components and give information about
he inter-atomic interactions and stability of materials.

In early pioneering studies the single crystal elastic con-
tants of nonmetamict, synthetic and various metamict zircons
ere determined and their variations with temperature, pres-

ure and natural nuclear irradiations were reported.1–5 These
eports are quite unique because there are no other data in
he literature about the pressure and temperature derivatives
f the single crystal elastic constants of zircon. The isother-
al bulk modulus (KT) for the nonmetamict zircon obtained

rom the single crystal elastic constants is in good agreement
ith the corresponding data obtained from the high-pressure
-ray diffraction experiments and also from the theoretical

omputations.6–8 However, in a recent theoretical paper the
ulk modulus, Debye temperature, thermal expansion coeffi-
ients and the specific heat of zircon were reported.9 The bulk
odulus (K) of that report at room temperature is close to the

alue obtained from the elastic constants. But, the temperature

erivatives of KT and KS (adiabatic) for zircon obtained from
he slopes of the K vs. T graph of Ref. 9 above room tem-
erature are about −0.015 and −0.007 GPa/◦C, respectively.
hese values are less than 75% of the value (−0.020 GPa/◦C)

mailto:hozkan@metu.edu.tr
dx.doi.org/10.1016/j.jeurceramsoc.2008.05.015
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btained from the temperature derivatives of the single crystal
lastic constants.2,3 Such large differences in the (dB/dT)P val-
es cannot be explained with the experimental uncertainties of
he ultrasonic measurements.2,3

During the ultrasonic measurements the lengths and density
f the samples change as temperature changes. Such effects
ere taken into account for the calculations of the elastic wave
elocities and elastic constants of zircon using the thermal
xpansion data available at the time.10 Since then additional,
ore detailed reports about the thermal expansion of zircon were

ublished.11,12

Recently, Garai and Laugier13 have derived an analytical
olution for the temperature dependence of the bulk modulus
rom the fundamental thermodynamic equations. Their solu-
ion involves the volume thermal expansion coefficients, the
ulk modulus and the Anderson–Grüneisen parameter (δ).14 The
olution has been suggested to predict the bulk modulus and its
emperature dependence.13 On the other hand, the temperature
erivative of the bulk modulus (dK/dT)P can be expressed as
he negative of the products (αVKTδ), based on the definition of
.14 The Anderson–Grüneisen parameter (δ)14 is equivalent to
he pressure derivative of the bulk modulus (dK/dP)T, and it is
early constant at temperatures above about half of the Debye
emperature.14 Therefore, the temperature derivatives of the bulk
odulus (dK/dT)P at different temperatures can be calculated

rom the expression of Garai and Laugier13 and also from the
roduct, (−αVKTδ) by utilizing the δ value obtained from the
ressure derivative of the bulk modulus and the thermal expan-
ion coefficients. These statements correlate the pressure and
emperature derivatives (dK/dT)P, (dK/dP)T of a substance. To
he present author’s knowledge, such correlations of the experi-

ental data of (dK/dT)P and (dK/dP)T obtained for the same or
imilar samples of a crystal has not been thoroughly examined
o-date.

The ultrasonic data about the pressure and temperature
erivatives of zircon,2,3,5 performed on the same or similar
amples are quite suitable to test the correlations between the
xperimental (dK/dT)P and (dK/dP)T values. To achieve this
urpose in this paper, the temperature derivatives of the sin-
le crystal elastic constants and the isotropic elastic moduli
f zircon were recalculated using the measured ultrasonic nor-
alized in-phase frequencies2,3 vs. temperature data and the

etailed thermal expansion coefficients.11,12 Then, the temper-
ture derivatives of the bulk modulus of zircon at different
emperatures are calculated using the two expressions stated
bove,13,14 utilizing the δ value obtained from the pressure
erivatives of the bulk modulus5 and the thermal expansion
ata.12

The temperature derivatives of the bulk modulus of zircon,
btained from the temperature derivatives of the single crystal
lastic constants, agree well with the corresponding derivatives
alculated from the analytical expressions by utilizing the δ value
educed from the pressure derivatives of the bulk modulus.5
ood correlations are found between the experimental values of
dK/dT)P and (dK/dP)T for zircon obtained from the ultrasonic
easurements of the pressure and temperature derivatives of the

ingle crystal elastic constants.
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. Computations, results and discussions

.1. Temperature derivatives of the single crystal elastic
onstants of zircon

The temperature derivatives of the single crystal elastic con-
tants of zircon were evaluated using the normalized in-phase
requencies and the thermal expansion coefficients.11,12 The
lastic constants are proportional to the square of the normal-
zed in-phase frequencies (FR).2,3 The FR values measured for
he various ultrasonic wave modes in the zircon samples were
bserved to decrease linearly from room temperature (25 ◦C) up
o 250 ◦C.2,3 The linear least square fits to the seven normalized
n-phase frequencies associated with the various wave modes
re reproduced below.2,3

FR1 = 1.000 − 5.09 × 10−5(T − 25),

FR2 = 1.000 − 4.40 × 10−5(T − 25),

FR3 = 1.000 − 3.99 × 10−5(T − 25),

FR4 = 1.000 − 2.09 × 10−5(T − 25),

FR5 = 1.000 − 4.42 × 10−5(T − 25),

FR6 = 1.000 − 4.19 × 10−5(T − 25),

FR7 = 1.000 − 3.42 × 10−5(T − 25).

R1, FR2, FR5 and FR6 are the normalized in-phase frequencies
or the longitudinal wave (L) along [1 0 0], [0 0 1], [1 1 0] and
0 1 1], respectively. FR3 is the normalized in-phase frequency
or the shear wave (S) along [0 0 1] polarized in [1 0 0]. FR4 is
he normalized in-phase frequency for S along [1 0 0] polarized
n [0 1 0] and FR7 is the normalized in-phase frequency for S
long [0 1 1] polarized in [1 0 0].

The elastic constants at temperature T can be expressed in
erms of the elastic constant at room temperature, 25 ◦C, the
pecimen length L and density ρ and the normalized in-phase
requency.2,3

(T ) = C(25)

[
L(T )

L(25)

]2 (
ρ(T )

ρ(25)

)
F2

R

ased on this general equation the temperature dependencies of
he elastic constants of zircon (tetragonal) can be expressed.2,3

11(T ) = C11(25)(1 + αc(T − 25))−1F2
R1

33(T ) = C33(25)(1 + αa(T − 25))−2(1 + αc(T − 25))F2
R2

44(T ) = C44(25)(1 + αa(T − 25))−2(1 + αc(T − 25))F2
R3

66(T ) = C66(25)(1 + αc(T − 25))−1F2
R4

L(T ) = CL(25)(1 + αc(T − 25))−1F2
R5

ere αa, and αc are the linear thermal expansion coefficient
long [1 0 0] and [0 0 1], respectively. CL is the longitudinal mod-

li, ρv2

L, vL being L propagated along [1 1 0] to obtain C12. The
xpressions for the longitudinal moduli (CQ) related to L along
0 1 1] and for the shear moduli (CP) related to S along [0 1 1]
olarized in [1 0 0] are given in Refs. 2,3. The former expression
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Table 1
The temperature derivatives of the single crystal elastic constants of nonmetamict
zircon

Elastic constant dC/dT (GPa/◦C), Refs. 2,3 dC/dT (GPa/◦C), present

C11 −0.0451 −0.0452
C33 −0.0434 −0.0430
C44 −0.0091 −0.0087
C66 −0.0023 −0.0023
C12 −0.0054 −0.0055
C13 −0.0102 −0.0086
CL −0.0276
CQ −0.0349
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anisotropy of the zircon structure. The relatively small magni-
tudes of C66 and its pressure and temperature derivatives are
related to the layer-like arrangements of atoms along the c-axis
in the structure of zircon as discussed before.2–5 There are no

Table 2
The room temperature values of the isotropic bulk and shear moduli of zircon
(in GPa) calculated from the single crystal elastic constants by the Voigt, Reuss
and Hill approaches
P −0.0057

he data in the second column are from Refs. 2,3, and in the last column are the
eevaluated values.

tilizes FR6 and is used to calculate the temperature derivative
f C13. The later expression utilizes FR7 and is used to obtain
ross check for the temperature derivatives of C44 and C66.

In the original analysis2,3 the thermal expansion coef-
cients, αa, αc and αV (the volume thermal expansion
oefficient) of zircon reported by Bayer10 were used.2,3 In
he present analysis more detailed thermal expansion data
roduced by a powder neutron diffraction study are used.11

n that study11 polynomial expressions of the lattice param-
ters as functions of temperature, a(T), c(T) between room
emperature and 827 ◦C and also between 1127 and 1527 ◦C
ere reported. The parameters between room temperature and
27 ◦C are (a(T) = 6.6003 + 126 × 10−7T + 82 × 10−10T2 and
(T) = 5.9783 + 29 × 10−6T + 67 × 10−10T2, here T is in K) used
o evaluate the thermal expansion coefficients of zircon. The αV

alues deduced from these polynomial expressions11 are seen to
e quite small near room temperature but they increase consider-
bly at higher temperatures as compared with the corresponding
alues of the recently published theoretical thermal expansion
ata.9 Ref. 11, αV = 10.82 × 10−6/◦C at 27 ◦C that increase 46%
o 15.81 × 10−6/◦C at 727 ◦C. The corresponding data of Ref. 9
re quite different; αV = 15 × 10−6/◦C at 27 ◦C that increase 13%
o 17 × 10−6/◦C at 727 ◦C, obtained by converting the linear
hermal expansion coefficients of Ref. 9 to the volume thermal
xpansion coefficients.

The elastic constants of the nonmetamict zircon at room tem-
erature were reported in Refs. 1–5. The values of the elastic
onstants from room temperature up to 727 ◦C were calculated
sing the expressions listed above. The slopes of the Cij–T graphs
re labeled as the temperature derivatives of the related elastic
onstant. The temperature derivatives of C11, C33, C44, and C66
re evaluated using the first 4 equations. The temperature deriva-
ives of C12, C13 and cross check for the temperature derivatives
f C44, and C66 are obtained by utilizing dCL/dT, dCQ/dT and
CP/dT and FR5, FR6, FR7, respectively. The temperature deriva-
ives of the elastic constants in 25–250 ◦C are given in Table 1.
he uncertainties of dC11/dT, dC33/dT and dC44/dT are about
–3%; the uncertainty of dC66/dT is about 5% due to its relatively

mall magnitude. The uncertainties of dC12/dT, and especially
f dC13/dT could be higher as the other elastic constants take part
n their calculations. Special care was paid for the calculations
f C13 to reduce the uncertainty in dC13/dT.

M

K
G

mic Society 28 (2008) 3091–3095 3093

It is noted that the elastic constants decrease linearly up to
50 ◦C. The similar linear decreases are expected for higher tem-
eratures up to 827 ◦C. The calculated temperature derivatives of
he elastic constants of zircon are almost same as those reported
arlier.2,3 The lengths and density factors do not have significant
ffects; the major changes in the derivatives arise from the tem-
erature dependencies of the normalized in-phase frequencies.
here are no other data in the literature about the temperature
erivatives of the single crystal elastic constants of zircon with
hich to compare the present values.

.2. Temperature derivatives of the isotropic elastic moduli
f zircon

.2.1. dK/dT and dG/dT obtained from the temperature
erivatives of the elastic constants (experimental)

The bulk and shear moduli (K, G) of zircon at different
emperatures were calculated using the Voigt, Reuss and Hill
pproaches.15 For the tetragonal system K and G are expressed
s fallows.

V = (2C11 + C33)

9
+ 2(C12 + 2C13)

9
(1)

V = (2C11 + C33)

15
− (C12 + 2C13)

15
+ (2C44 + C66)

5
(2)

1

KR
= 2S11 + S33 + 2(S12 + 2S13) (3)

1

GR
= 4(2S11 + S33) − 4(S12 + 2S13) + 3(2S44 + S66)

15
(4)

ere, the subscripts V and R denote Voight and Reuss val-
es, respectively, and Sij are the elastic compliance constants
valuated from the elastic stiffness constants, Cij.

The K and G values of zircon are calculated from room tem-
erature up to 827 ◦C with the Hill approach (the mean of the
oigt and Reuss values). The room temperature values of K and
are given in Table 2 and the calculated K values were plotted

s. temperature in Fig. 1. The (dK/dT)P and (dG/dT)P of zircon
btained from the temperature derivatives of the elastic con-
tants in 25–250 ◦C range are: (dK/dT)P = −0.0202 GPa/◦C and
dG/dT)P = −0.0094 GPa/◦C. The magnitudes of the (dK/dT)P

alues slightly decrease as temperature increases toward 800 ◦C.
he KV and KR values are close to each other, but the large dif-

erence in the GV and GR values indicate a high degree of shear
ethod moduli Voigt, upper bounds Reuss, lower bounds Hill, averages

(GPa) 229.5 224.4 226.9
(GPa) 120.0 98.4 109.2
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Fig. 1. The bulk moduli vs. temperature plots for zircon, deduced from the
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emperature derivatives of the single crystal elastic constants, calculated using
qs. (5) and (6) (from Refs. 13,14). The slopes of the three curves are about the
ame in 350–550 ◦C range.

ther experimental data in the literature with which to compare
he temperature derivatives of K and G of zircon.

.2.2. dK/dT obtained from the analytical expressions
tilizing the Anderson–Grüneisen parameter and the
hermal expansion coefficients (theoretical)

The Anderson–Grüneisen parameter (δ) is defined as,

= −
(

1

αV K

)
×

(
dK

dT

)
P

(5)

q. (5) can be written in the fallowing form as recently stated
y Garai and Laugier.13

∫

T = KT0 e

− T

T0
αV (T )δ(T ) dT

(6)

ere KT is the bulk modulus at temperature T and KT0
s the bulk modulus at the reference temperature T0. The

d
a
t
C

able 3
he bulk moduli of zircon at different temperatures: (a) determined from the tempera
xpression of Garai and Laugier, Eq. (6), and the defining expression of the Anderson

(◦C) αV (×10−6/◦C) K (GPa) (a) present,
from exp. dCij/dT

K (GPa) (b)
calculated Eq. (6)

−273 229.4
−173 3.2 229.1
−73 8.1 228.3

27 10.820 226.87 226.87
127 11.534 224.85 225.23
227 12.250 222.84 223.50
327 12.964 220.84 221.68
427 13.677 218.84 219.77
527 14.389 216.96 217.77
627 15.100 214.87 215.69
727 15.810 212.90 213.53
827 16.519 210.94

he K and (dK/dT)P data obtained by using Eqs. (5) and (6) are about the same sin
oefficients are also listed.11 The calculations of K and (dK/dT)P values are extende
ata.12
mic Society 28 (2008) 3091–3095

nderson–Grüneisen parameter (δ) is equivalent to the pres-
ure derivative of the bulk modulus (dK/dP)T as shown by
nderson.14 The pressure derivative of the bulk modulus of zir-

on was determined3,5 to be 6.5.7 The (dK/dT)P values for zircon
re calculated numerically using Eqs. (5) and (6) successively
rom room temperature up to 837 ◦C with small temperature
ntervals using the initial K = 227 GPa, δ = (dK/dP)T = 6.5, and
he average αV(T) values for the intervals deduced from the ther-
al expansion data of Ref. 11. The calculated bulk modulus vs.

emperature data for 100 ◦C intervals are listed in Table 3 and
lotted in Fig. 1. The K–T plots and the (dK/dT)P values of zir-
on calculated using Eqs. (5) and (6) are about the same since
he equations are equivalent to each other. The (dK/dT)P val-
es vary from about −0.015/−0.018 GPa/◦C (between 27 and
27 ◦C) and from about −0.019/−0.021 GPa/◦C (between 227
nd 727 ◦C). These data for the temperature range from about
00 ◦C up to the Deye temperature16 are in good agreement
ith the experimental (dK/dT)P values (about −0.020 GPa/◦C)

eported above.
Small deviations of the calculated slopes (using the Eqs. (5)

nd (6)) from the experimental value (−0.020 GPa/◦C) at room
nd high temperatures are noticeable. It is noted that the experi-
ental αV values of zircon used here are rather small near room

emperature11 but they increase at higher rates as compared with
he recently published theoretical thermal expansion data.9

The calculated values of K and the slopes (dK/dT)P at dif-
erent temperatures sensitively depend on the value of the
nderson–Grüneisen parameter in addition to the thermal

xpansion coefficients. The (dK/dP)T, (K′) value used here (6.5)
as determined from the ultrasonic measurements of the pres-

ure derivatives of the elastic constants.2,3,5 The accuracy of
he ultrasonic measurements was discussed in Ref. 5. Several
uthors17 have assigned K′ as 4.0 (or 6.5) for fitting compression

ata for zircon to the equations of state. Recently, Marques et
l.7 have carried out experimental and theoretical studies about
he structure and stability of zircon under hydrostatic pressure.
ompared and discussed in detail were the contradicting data

ture derivatives of the single crystal elastic constants, (b, c) calculated from the
–Grüneisen paramer, Eq. (5), respectively

(dK/dT)P (b)
GPa/◦C Eq. (6)

K (GPa) (c)
calculated Eq. (5)

(dK/dT)P (c)
GPa/◦C Eq. (5)

0 229.6 0
−0.012 229.4 −0.012
−0.014 228.4 −0.014
−0.0164 226.87 −0.0152
−0.0173 225.35 −0.0178
−0.0182 223.57 −0.0178
−0.0191 221.79 −0.0187
−0.0200 219.92 −0.0199
−0.0208 217.93 −0.0201
−0.0216 215.92 −0.0211

213.81

ce the equations are equivalent to each other. The volume thermal expansion
d below room temperature by utilizing the low temperature thermal expansion
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or K and K′ in the literature for zircon and classified them
n two sets, as set I, K: 225–230 GPa, K′: 6.5 (experimentally
etermined value) and set II, K: 199–205 GPa, K′: 4 (‘plausi-
le fixed value’). In this most recent study about the subject the
xperimental values for K and K′ were reported as 225 ± 8 GPa
nd 6.5 ± 1.6, respectively, supporting the data in set I and the
resent author’s early ultrasonic data for K and K′.

It is noted that the above analyses are valid for the non-
etamict zircon crystals. The bulk moduli and their pressure and

emperature derivatives as well as the thermal expansion coeffi-
ients of the zircon samples may drastically change depending
n their metamict (radiation damaged) conditions.3,4 The pres-
nce of major impurities in the samples may also affect the bulk
oduli and their pressure and temperature derivatives.

. Conclusions

The temperature derivatives of the single crystal elastic con-
tants of zircon were reevaluated. The temperature derivatives
f the bulk modulus of zircon determined from the tempera-
ure derivatives of the single crystal elastic constants agree well
ith the values calculated using the theoretical expressions of
nderson,14 Garai and Laugier,13 especially for temperatures

lose to the Debye temperature. It is noted that in the expressions,
obtained from the pressure derivatives of the single crystal

lastic constants of zircon were used. The analyses presented
bove show good correlations between the pressure and temper-
ture derivatives of the bulk modulus of zircon derived from the
ressure and temperature derivatives of the single crystal elastic
onstants.1–5 This is highly interesting considering the degree
f structural and thermo elastic anisotropy possessed by such a
ighly incompressible crystal as zircon.
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